Density functional calculations are performed for twelve 2l2l ′ nl ′′ (n≥2) triply excited hollow resonance series of Li, viz., 2s 2 ns 2 S e , 2s 2 np 2 P o , 2s 2 nd 2 D e , 2p 2 ns 2 D e , 4 P e , 2s2pns 4 P o , 2s2pnp 4 D e , 2p 2 np 2 F o , 4 D o , 2p 2 nd 2 G e , 4 F e and 2s2pnd 4 F o , covering a total of about 270 low-, moderately highand high-lying states, with n as high as up to 25. The work-function-based exchange potential and the nonlinear gradient plus Laplacian included Lee-Yang-Parr correlation energy functional is used.
I. INTRODUCTION
Triply excited states of atomic lithium represent the prototypical case of a highly correlated, multi-excited three-electron system in the presence of a nucleus, and thus typify the four-body Coulombic problem. Since all the three electrons reside in higher shells leaving the K shell empty, these are often referred to as the hollow states. As the one-step photogeneration of such a state requires coherent excitation of all the three electrons, these are usually more difficult to produce from the ground state by single photon absorption or electron impact excitation. These, in addition to their proximity to more than one thresholds coupled with the presence of an infinite number of open channels associated with these resonances, have offered considerable challenges to both experimentalists as well as theoreticians.
The recent advances in third-generation, extreme-UV synchrotron radiation sources as well as the availability of sophisticated and powerful quantum mechanical methodologies have stimulated an overwhelming amount of works in the last decade that shed significant light on the understanding of such systems with greater accuracy. Ever since the first observation of 2l2l ′ 2l ′′ states of Li in a beam-foil experiment [1] , numerous attempts [2] [3] [4] have been made over the years to use this technique which identified bound states such as the 2p 3 4 S o besides many autoionizing states. Later, photoabsorption spectroscopy [5] using a dual laser plasma technique reported measurement of the lowest 2s 2 2p 2 P o resonance in
Li. Subsequently a large number of higher resonances were found and tentatively classified in a wider energy range (140-165 eV) [6] [7] [8] . First high-precision photoelectron spectroscopic determination [9] of the partial photoionization cross sections generated tremendous interest to measure the resonance positions, widths of both even-and odd-parity hollow states having varied symmetries [10] [11] [12] [13] [14] with better resolution over wider energy regions. Some Rydberg series [15] as well as the states with both K and L shell vacancies [8, 13] have also been identified lately.
Parallel to the experimental progresses, a substantial amount of theoretical works have also been done over the years for reliable, accurate prediction of energies, widths and lifetimes of these multi-excited states, varying in their complexity and accuracy. One of the earliest such calculations for Li-isoelectronic series was due to [16] employing a truncated diagonalization method (TDM), based on the hydrogenic orbitals. Later other formalisms such as the 1/Z expansion method [17] , many-body perturbation theory [18] were also used to investigate these states. Some other recent theoretical works include the state-specific theory [19] [20] [21] , the configuration interaction (CI) type approach [22] , joint saddle point (SP) and complex coordinate rotation (CCR) method [23] [24] [25] , the space partition and stabilization procedure [26] , a density functional formalism [27] , several variants of the R-matrix theory [28] [29] [30] [31] as well as the TDM [32, 33] , the hyperspherical coordinate approach [34, 35] , etc. Although the most natural and commonest choice in these works was neutral atom (Li),
other atomic systems such as the negative ions (e.g., He − ), positive ions like Li-isoelectronic series or N 2+ [22] have also received considerable attention. While majority of the available formalisms involve traditional wave-function-based calculations requiring large basis sets and often involving mixing of continuum states, a density-based formalism for triply excited states was proposed in [27] . In this approach a Kohn-Sham (KS) type differential equation was solved to obtain the self-consistent set of orbitals and densities using the nonvariational local work-function based exchange potential [36] in conjunction with the nonlinear gradient-and Laplacian-included correlation energy functional of Lee, Yang and Parr (LYP) [37] . The singly excited state energies were within 0.01% of the best literature data for He (for other atoms it was less than 0.02%), while for the doubly excited states of He it was well within 3.6%. The discrepancy in the calculated single and double excitation energies for 31 selected states were within 0.009-0.632% and 0.085-1.600% respectively.
The GPS method has been shown to be a very powerful tool for accurate and physically meaningful results of both static and dynamic properties of Coulombic singular systems such as atoms and molecules as well as other stronger singularities like the generalized spiked harmonic oscillators [44] [45] [46] [47] [48] . While in [27] , results were presented for all the eight n=2 intrashell triply excited states of Li isoelectronic series (Z=2, 3, 4, 6, 8, 10) with reasonable accuracy, resonance series including the higher members were not considered and to the best of our knowledge, no other DFT-based attempts are known so far for these systems. The purpose of this work is therefore to explore and extend the regions of validity of the densitybased approach to these challenging hollow states and also to study the spectra of these resonances in a detailed and elaborate way. We thus focus on the energies and the excitation energies of twelve 2l2l ′ nl ′′ (n≥2) odd-and even-parity doublet and quartet resonance series results, wherever possible. The article is organized as follows: Section II presents a brief summary of the methodology as well as the computational aspects. Section III makes a detailed discussion on the obtained results and a few conclusions are drawn in section IV.
II. METHODOLOGY
Since the work-function formalism for atomic excited states [38] [39] [40] [41] [42] [43] 27] as well as its GPS implementation [44] has been discussed in detail previously, here we give only the essential steps in the calculation (atomic units employed throughout the article, unless otherwise mentioned).
The local exchange potential with which the electrons move is interpreted [36, 49] physically as the work done to move an electron from infinity to its position r against the electric field E x (r) arising out of the Fermi-hole charge distribution, ρ x (r, r ′ ), and as such is given by the following line integral,
This field E x (r), being representative of the Pauli correlation, as its quantum mechanical source charge distribution is the pair correlation density, has the following form,
This work against E x (r) can be determined exactly as the Fermi hole is known explicitly in terms of the single-particle orbitals,
where
denotes the single-particle density matrix spherically averaged over coordinates of the electrons of a given orbital angular momentum quantum number. Now within the central-field approximation, the orbitals expressed as φ i (r) = R nl (r) Y lm (Ω) (Y lm (Ω) denoting the usual spherical harmonics), give the total electron density as the sum of the occupied orbitals,
and the spherically averaged radial component of the electric field is simplified as,
Now assuming that a unique local exchange potential exists for a given excited state, the following KS-type equation is solved,
to obtain the self-consistent set of orbitals {φ i } and the electron density. Here v es (r) denotes the usual Hartree electrostatic potential consisting of the electron-nuclear attraction and the interelectronic Coulomb repulsion,
and v xc (r), the total exchange-correlation (XC) potential is partitioned as,
While v x (r) can be accurately determined as outlined above, the accurate form of v c (r) valid for a general excited state is unknown as yet and therefore requires to be approximated.
There are several prescriptions available in the literature and the present work uses the widely used LYP functional [37] . Now we present a brief overview of the computational procedure used to solve the pertinent KS equation through the GPS formalism. One disquieting feature of the commonly used equal-spacing FD methods is that because of the existence of Coulomb singularity at the origin as well as the long range nature of the Coulomb potential, one requires a large number of grid points to achieve reasonably good accuracy even for the ground states.
However the GPS method allows nonuniform and optimal spatial discretization maintaining similar accuracy at both small and large r regions. Thus one can work with a much lesser grid points having a denser mesh at small r while a coarser mesh at large r. Moreover it also has the attractive feature of possessing both the simplicity of direct FD or finite element methods and the fast convergence of the finite basis set methods.
One of the principal features of this scheme lies in the fact that a function f (x) defined in the interval x ∈ [−1, 1] can be approximated by the polynomial f N (x) of order N so that,
and the approximation is exact at the collocation points x j , i.e.,
Here we employ the Legendre pseudospectral method using x 0 = −1, x N = 1, where x j (j = 1, . . . , N − 1) are obtainable from the roots of the first derivative of the Legendre polynomial P N (x) with respect to x, i.e.,
The cardinal functions, g j (x) in Eq. (9) are given by the following expression,
obeying the unique property g j (x j ′ ) = δ j ′ j . Now the semi-infinite domain r ∈ [0, ∞] is mapped into the finite domain x ∈ [−1, 1] by the transformation r = r(x). One can make use of the following algebraic nonlinear mapping [50, 51] ,
where L and α = 2L/r max may be termed as the mapping parameters. Now, introducing the following relation,
coupled with the symmetrization procedure [50, 51] leads to the following coupled set of equations,
and the symmetrized second derivative of the cardinal function, D
j ′ j is given by,
Note the advantage that this leads to a symmetric matrix eigenvalue problem which can be readily solved to give accurate eigenvalues and eigenfunctions.
Within the central-field approximation, taking the exchange potential in Eq. (1) and the LYP correlation functional [37] , KS equation (6) is solved numerically in a self-consistent manner to obtain the orbitals. These are then employed to construct the various Slater determinants derived from a particular electronic configuration. In general, denoting the electronic energies of determinants and multiplets associated with a given electronic configuration by E(D i ) and E(M i ) respectively, the Slater's diagonal sum rule [52, [38] [39] [40] [41] [42] [43] [44] 27 ] is used to calculate the E(M i ) as,
For all the calculations reported in this work, a consistent convergence criteria of 10 −6 and 10 −8 a.u., are used for the potential and energy respectively, whereas a maximum of 500 radial grid points sufficed to achieve convergence.
III. RESULTS AND DISCUSSION
The calculated nonrelativistic term and excitation energies for various hollow states of Li along with the available experimental and theoretical results are given in tables I through VII. In the literature, usually the excitation energies are reported, while the individual state energies are given in only few occasions. In a recent study of the low-lying singly excited
states of several open-shell atoms (B, C, O, F, Na, Mg, Al, Si, P and Cl) within the workfunction formalism [42] , it was observed that the excitation energies from the exchange-only and the numerical Hartree-Fock (HF) calculations showed good agreement with each other.
Interestingly however, the two correlation energy functionals (relatively simpler local Wigner and the nonlocal LYP) did not show any considerable improvements in excitation energies, although the excited-state energies were improved significantly. Therefore we decided to present both these quantities for all the states considered in this work. The state energies are given in atomic units, while the excitation energies in eV (1 a.u.=27.2076544 eV) are given relative to the accurate ground state of Li calculated from a full core plus correlation using the multiconfiguration interaction wave function, i.e., −7.47805953 a.u. [54] , for a consistent comparison with the literature data. Here we note that the present calculated ground state energy of Li is −7.4782839 a.u. The independent particle model classification [32, 33] [25] . The n=3-9 resonances were also calculated by the R-matrix method including a set of core base states for the Li + target along with an optimization of the collisional representation [28] . Recently, an eigenphase derivative technique in conjunction with a quantum defect theory [31] reported the low and high resonances up to n=22, whereas the same up to n=12 have been studied through the TDM [33] . The agreement of the present density functional results for both the quantities are seen to be fairly good; the current state energies lie about 0.36-0.88% above the TDM results [33] , whereas the excitation energies are higher by 0.41-0.51% from those of [31] . It is noted that the small differences in excitation energies are reproduced quite nicely within the whole series; a feature which holds true for all the resonance series dealt in this work. Coming to the 2 P o states, these are the most widely studied hollow resonance series in Li, both experimentally and theoretically, chiefly due to the fact that the lowest n=2 intrashell Li state is the 2s 2 2p 2 P o . Photoion yield spectroscopic measurements determined its position at 142.33 eV [7] and 142.35 eV [6] respectively, which has been supported by various theoretical calculations, e.g., the combined SP CCR method [23] , the complex scaling method having correlated basis functions constructed from Bsplines [53] , the R-matrix method [28] , as well as the TDM method [33] . Our calculation
gives an excitation energy of 142.385 eV which is only 0.02% above the experimental results.
It may be noted that the HF energy of the lowest resonance is −2.16954 a.u. [18] , which matches almost exactly with the present exchange-only result of −2.1694 a.u., (0.00014 a.u., deviation) illustrating the fact that the exchange contribution is included quite accurately within this formalism. Other members of the series with n=3-7 show good agreement with the CCR calculation [24] . For n=8-11, the term energies are available also through the TDM calculation [33] and fairly good agreement is noticed in our results with those. The present term energies are underestimated by 0.24-0.98% with respect to the CCR results [23, 24] , leading to higher excitation energies (the deviations with respect to [28] , [29] d Reference [10] . e Reference [28] .
f Reference [6] . g Reference [7] .
h Reference [35] . i Reference [31] . j Reference [24] . k Reference [29] .
l Reference [25] .
values with a deviation of 0.03%). Both the hyperspherical coordinate approach [35] as well as the TDM [33] give the energy of 2s 2 3d state at −1.9614 a.u., whereas the CCR value is −1.9659 a.u. [25] . These are to be compared with the present value of −1.9461 a.u. The CCR results are also available for the D,ns series having n=2,3. It is noticed that for the former series, the state energies are underestimated in all cases with respect to the TDM results, whereas for the latter, the same is overestimated for n=2,4-7 (n=8 shows complete agreement). This overestimation could occur either because of (a) the nonvariational nature of the exchange potential employed and/or (b) the inadequacy of the LYP correlation energy functional used. Resonances up to 9 for both the series were earlier reported in the R-matrix calculation [28] . The absolute per cent deviation of the A,nd (n=3-11) and D,ns (n=2-9) state energies are 0.44-0.78% and 0.00-2.15% respectively compared to the TDM values [33] . We note that D,ns gives the largest deviation in the energy in our calculation, (2.15%
for n=3) as well as the smallest deviation (0.00% for n=8). However it is also noted that significantly varied and contrasting excitation energies were reported in the literature for this Next in table III we turn into a comparison of the calculated density functional results for the even-and odd-parity quartet P states arising from the 2p 2 ns C,ns , n=2-24 and 2s2pns B,ns , n=3-22 with the available literature data. Experimental results are yet to be obtained for any of these states, while from a theoretical viewpoint, these are relatively less explored compared to the previously discussed hollow states. The energy of the lowest state of the even series in our calculation is only 0.004 a.u., above the CCR result [23] , while the same for the odd series is only 0.0037 a.u., below the hyperspherical coordinate result [35] indicating the accuracy in the present method. Both these resonances have been reported through R-matrix calculation for n up to 9 [28] as well as in the TDM calculation for n up to 12 [33] and the current results show excellent agreement with both of these. The B,ns series show overestimations in energies for all n compared to the TDM result [33] , but the C,ns series show underestimations as well for some of the states. For the moderately high-lying C,ns states with n≥6, we notice almost complete agreement in the energies in our calculation with the TDM values [33] . The calculated energies for the even-and oddparity states are 0.00-0.27% and 0.19-0.65% above and below the TDM values for up to the 12th resonance respectively. The deviations in the excitation energies are 0.03-0.17% and 0.02-0.10% for the two series relative to the R-matrix results [28] . Resonances above n=12
are reported here for the first time for both these series.
The even-and odd-parity 2s2pnp B,np , n=3-22 and 2p by 0.42%). The state energies remain above by 0.14-0.46% from the TDM values [33] and the absolute deviations in excitation energies are 0.28-0.35% with respect to the R-matrix results [28] .
As a further extension of the present method, encountered. Some distinctive features of these resonances are: they are weak (by about an order of magnitude compared to the previously discussed hollow states), broad and having much larger widths [8] . The principal difficulties in dealing with such higher hollow states at larger photon energies are mainly due to a very rapid increase in the density of possible triply excited states and the lower states of same symmetry, as well as of the number of open channels available, leading to very strong and quite complicated electron correlation effects. In the CCR calculation, this might require cumbersome construction and diagonalization of complex matrices of very large order to search for the behavior of a great number of roots in the complex energy plane. On the other hand, in a FD type [58, 59] , DFT has been a very powerful and successful tool for the electronic structure calculation of atoms, molecules, solids in their ground states [60, 61] , inherent difficulties were encountered for the excited states and consequently in areas such as spectroscopy, its success has been relatively less conspicuous. The well-known fundamental problems such as the lack of a unique exact formal relationship valid for general excited states parallel to the KS method for ground states, as well as the unavailability of hitherto unfound universal XC energy density functional etc., have been well documented in the literature in considerable length (see, for example, [43] for a review). Nevertheless, numerous attractive and elegant formalisms have been suggested by many authors over the years; e.g., the subspace formulation of DFT [62] and its application to atomic excited states [63] , ensemble formalism for the unequally weighted states using a Rayleigh-Ritz variational principle [64] , a perturbative treatment [65, 66] , calculation of multiplet energies within the Hartree-Fock-Slater method utilizing the spin-polarized form of the density matrix and exploiting Slater's sum rule [52, 67, 68] , ensemble approach using several appropriate functionals [69, 70] , the time-dependent (TD) DFT formulation [71] [72] [73] making use of the TD DF response theory, etc. Recently correlation energies of several atomic excited states were calculated using the MCSCF wave functions [74] . While some of these methods offer good quality results, others produce large errors and yet others are computationally difficult to implement. Moreover most of these methods have dealt with the lower and singly excited states; multiple and higher excitations, especially the Rydberg series such as the ones studied in this work, have not been reported so far using any other DFT approach except the work-function formalism. Besides, while some of these methods, such as TDDFT, provides a way to obtain excitation energies in an efficient and accurate manner (calculates the linear response of the system to a TD perturbation, leading to frequency dependent dynamic dipole polarizability, whose poles and residues yield the excitation energies and oscillator strengths respectively), the extraction of individual state energies as well as the densities, are not straightforward. In the present method however, the energies, excitation energies as well the densities and expectation values are obtained easily with reasonable accuracy. To the best of our knowledge, this is the first report of triply excited Rydberg resonances of many-electron systems within a DFT-based formalism.
We also note that the spin polarized version of the work-function exchange potential can be obtained as a further approximation to the accurate spin polarized X-only KS potential (obtained from a consideration of the optimized effective potential method) [75] . Various interesting features of the method may be found in the references [27, [38] [39] [40] [41] [42] [43] [44] . in a number of physical systems including atoms, ions, metals, etc., (see, for example [76, 77] ).
IV. CONCLUDING REMARKS
Consequently, since these are strongly correlated systems, one of the main sources of error in this calculation could be due to the inefficiency of the LYP functional to incorporate the subtle and intricate correlation effects, which may be either improved or replaced by more accurate density functionals. However, this may not be misconstrued as a drawback of the methodology; in fact the results are rather quite encouraging, especially in the light of DFT's apparent weaknesses and lack of any density-based attempts as yet for these Rydberg series. The assumption of spherical symmetry in calculating the exchange potential, might be the another possible cause of inaccuracy. Thus the rotational component of the electric field may not have negligible contribution compared to the irrotational component for these states, although for atoms this usually holds true [49] . The extension of this prescription to even higher photon-energy hollow states such as the case where all three electrons remain in shells with n≥4, i.e., the KLM vacancy states etc., are straightforward, as well as its application to positive and negative ionic systems and extension to the relativistic domain.
It may also be interesting to employ some of the other DFT-based approaches to treat these and other similar systems, so that the nature of the intricate electron correlation may be understood better. Some works in these directions are under progress.
